ABSTRACT. Theorem 2.2 lists properties equivalent to left separated spaces in the class of Tl with point-countable bases, with examples preventing plausible additions to this list. For example, X is left iff X is a-weakly separated or X has a closure preserving cover by countable closed sets, but X is left separated does not imply that X is a-discrete. Theorem 2.2 is used to show that the following reflection property holds after properly collapsing a supercompact cardinal to W2: If X is a not a-discrete metric space, then X has a not adiscrete subspace of cardinality less than W2. Similar reflection properties are shown true in some models and false in others.
1. Introduction. If P is a property of topological spaces, let S(P) denote the assertion: "whenever X is a space with property P, then X has a subspace of cardinality s: W1 with property P". In particular, we consider Sl == 8 (metric, not a-discrete). The proof of the consistency of 8 1 leads to consideration of S2 == 8 (Tl, point-countable base, not left separated) and S3 == 8 (T1' point-countable base, not a-relatively discrete).
§2 starts with an explanation of the topological terminology used in Theorem 2.2, which lists properties equivalent to left separated in the class of T1 spaces with point countable bases. Examples A and B limit additions to this list.
We will discuss three other refelction properties which can be studied by the same techniques: S4 == 8 (T1' local density s: Wl, countable tightness, not cwH), S5 == 8
(T1' first countable, not cwH), and S6 == 8 (first countable, not metrizable). A space X is said to be collectionwise Hausdorff (cwH) if every closed discrete subset of X can be simultaneously separated by disjoint open sets. Assuming extra axioms of set theory, there are spaces similar to Examples A and B refuting the 8's ( §3). In §4, Axiom R is explained and showns to imply 81 ,82 and 84 . Further, we discuss decompositions of metric spaces. In §5, we describe iterated proper forcing collapsing a supercompact to W2, and show that it makes Axiom R true. This forcing is flexible, and so Theorem 5.1 shows that Axiom R is consistent with CH, with the Proper Forcing Axiom, with MAw!, and with ~ CH and ~ MAw!, etc. (assuming, of course, that the existence of a supercompact cardinal is consistent). Thus Axiom R cannot imply 83 ,85 , or 86 because MAw! implies their negations.
§6 contains various remarks which do not fit elsewhere.
Set theoretic notation follows [Kun] . In particular, IXI is the cardinality of X, [X]<" = {Y c X: WI < K}, and AB = {f:! is a function, dom! = A, range feB}. <WB = U{nB: nEw}. For [y, 00) : y E Y}. When P is one of the above properties, X is a-P means that X is a countable union of P subspaces.
It is immediate that a-closed discrete implies a-relatively discrete implies aleft separated implies a-weakly separated. In a metric space, the implications can be reversed. A relatively discrete Y can fail to be closed because of a set L of limit points. L is closed, hence G6, i.e., L = n{Un : nEw}. Now Y -Un is closed, discrete, and we conclude that in perfect spaces a-relatively discrete implies a-closed discrete. Now let Z be weakly separated by {Uz : z E Z} in a semimetric space. For We define a game G(X, E) of infinite length played by two players, I and II. Roughly, I aims to play a base for a point of X that II does not guess. More precisely, at turn n, I plays Bn E E and II plays a countable subset, an, of X.
Then they proceed to turn n + 1. After w turns, the winner is decided. I wins iff {Bn: nEw} contains a base for a point x E X -U{an : nEw}. What is a winning strategy for II? It is a function, s, from the set of I's previous moves to the set of plays allowed II; i.e., s: <wE -[X1W, such that if II plays according to s, then II wins the play of the game; i.e., if (Bn: nEw) contains a base for a point x, then x E U{ s(Bo,.· ., Bn): nEw}. It is possible that II has a simple winning strategy (let us call it a winning tactic, t) which looks only at I's last move and plays only one point. Rephrasing, t: E -X is such that if {Bn : nEw} contains a base for a point x, then there is nEw, such that t(Bn) = x.
For example, if X is the real line, then I can win by listing a countable base for X. No matter how II plays, U{an : nEw} is countable, so X -{an: nEw} ::j:. 0, and I's plays contain a base for every x. In the other direction, if X is countable, then II can win by playing X, either all at one turn, or one point at a time. We leave it to the reader to work out that if X is a a-discrete metric space, then II has a winning strategy.
We say that )I = {Hi: i E I}, a family of subsets of a space X is closure preserving if for all J C I, U{Hi : i E J} = U{Hi : i E J}. If )I is a family of closed sets, then it is the same to say that arbitrary unions from )I are closed. We can weaken the concept by requiring only that countable increasing unions be closed. Alone, this condition can be very weak, for maybe there are no increasing chains from )I. So we add a condition yielding many increasing unions. We will express these ideas in the terminology of proper forcing. (Unfortunately, this leads us to overwork the word "closed".) Let r c [X] 
, a union of two closed sets. 0 I thank Fred Galvin for improving this theorem. I explained to him that if X has a point-countable base then the following are equivalent: X is u-Ieft separated, (b'), and a complicated statement analogous to (c), (c'). The next day Fred suggested assuming Tl , correctly formulated (c), and pointed out Corollary 2.5. 
We conclude this section with some results about concepts related to those mentioned in Theorem 2.2. LEMMA 2.6. If X is a left separated Tl space with a u-point-finite base B = U{Bn : nEw}, then X is u-relatively discrete.
Because Bn is point-finite, Xn = U{Yj: i < w}. 0 LEMMA 2.7. (a) If X has a closure preserving cover by finite sets, then X is u-relatively discrete.
(b) If X is u-relatively discrete, perfect, and collectionwise Hausdorff, then X has a closure preserving cover by finite sets. 
Hx=FxU{x}.
It is routine to check that y E Hx iff x E Vy. We claim that {Hx: x E X} is closure preserving. Suppose that Z E U{Hx: x E XI}; then y E Hx n Vz for some
The examples in the following section show that Lemma 2.7 cannot be improved to an equivalence. We may delete from the hypothesis of 2. 7(b) neither perfect (Michael line), nor cwH (Cantor tree). The existence of a closure preserving cover by finite sets implies neither perfect (one point compactification of uncountable discrete space) nor cwH (Pixley-Roy).
Examples.
EXAMPLE A. Let A be the set of countable limit ordinals. For 0 E A, let rJ8: W -+ 0 be increasing and cofinal
where n is least so that rJ81n =I rJ,ln. The conclusion of Corollary 2. The following axiom is true in L, every generic extension of L, and every model of set theory without inner models of many large cardinals (see [KM, p. 222] [Po] 
With this basis X is a Moore space and F is closed discrete. If A E [F]W' , then
A is a-closed discrete in the topology of Example B. It is routine to use that fact to separate A in X.
X is not cwH because F cannot be separated. We follow the proof of Lemma 3.2. 
Towards a contradiction, assume that (): F ~ W is such that {U(f, (}(f)): f

(fa,(}(fa)) n U(f(3,(}(fj3)).
Contradiction. 0 EXAMPLE C. This example is from [vD, Remark 12.6] ' to which the reader is referred for more details and more information about b. The point set of C is
Consider 
Axiom R and applications.
We have seen in §3 that Axiom E implies that all the Si'S fail. Since Axiom E implies the existence of counterexamples, , . . . . . , E, the negation of Axiom E is potentially weaker than the Si'S. In any case, it is often frustrating to work with,....., E because it is so "linear". (An exception: it follows quickly from Engelking and Lutzer [EL] that S (first countable linearly ordered topological space, not paracompact) is equivalent to E.)
The statement that stationary subsets of [X]W reflect is stronger than the statement that stationary subsets of {o: E K,: cf 0: = w} reflect. Even this seems to be not enough because if X has structure, we may need to reflect to a closed subset of X.
Recall that a space X has countable tightness when for all x E X and
It is easy to see that in a space of countable tightness, the union of an increasing sequence of closed sets is closed if the sequence has uncountable cofinality. We say that r c [X] <I< is tight if whenever {COt: 0: < 8} is an increasing sequence from r and w < cf 8 < K" then U { COt: 0: < 8} E r. 
THEOREM 4.3. Let T be a tree of height wand B a set of infinite branches through T. B is stationary if and only if {a E [T U B]w: a is closed} is stationary.
PROOF. This is Theorem 8.5 of [Ball, where the proof is done in detail. The only if direction is similar to (c') =* (a) of Theorem 1, by induction on cardinality of X = TUB and using a function f: [X] <w ----7 X.
COROLLARY 4.4 (AXIOM R). If B is a stationary set of branches through a tree T of height w, then there is a stationary A E [B] <W2 .
PROOF. First prove the analogue of 4.1, then follow the proof of 4.2. 0 We can show, again by induction on lXI, that B is nonstationary iff there is a function 1':
If we topologize X so that each t E T is isolated, and a neighborhood of b E B has the form {b} U {t E b: sst} for some s E b, then X is a space similar to Examples B1 and B2. Moreover B is nonstationary iff X is cwH. Generalizing from trees of height w, Shelah [Sh2] showed S (locally countable, not cwH) holds after the Levy collapse of a supercompact to W2. However, locally countable spaces are very special. Manifolds, which are more geometric, are locally separable and have countable tightness. These ideas lead to the unusual hypotheses of Lemma 4.5. 
)). Then D can be separated iff {a E [X]w: anD i= anD} is not stationary.
PROOF. (----7) is easy.
choose Qy E [X] <::;13 so that y E Int(Qy). The proof is by induction on X, again. By (a) D can be separated if IXI < /\'. For IXI 2: /\', we can define a continuous increasing sequence of sets, Xo:, so that U{Xo:: a < IXI} = X, IXo:l < lXI, and G is said to have coloring number ~ W if there is a well-ordering < of V so that for E) is a graph such that (Y, E n [Yl2) has coloring number ~ W for every Y E [Vl <W2, then G has coloring number ~ w.
Below, we will use Axiom R to prove a reflection property which fits well with theorems of Pol [Pol and Hansell [Halon a-discretely Let e = (Ee: ~ E I) be an indexed family of subsets of a metric space X with a-discrete base 8 = U {Bn: nEw}. We will assume that X, I and 8 are pairwise disjoint. We say that e is a-discretely refinable if there exists an indexed family e' = (Eej:
"Ie E IVj E w, Eej c E e , and (c) U e' = U e. We say that a C 8 uI is e-closed if whenever an 8 contains a base for x E U e, then x E U{ Ee: ~ E a n I}. 5. Properly collapsing a supercompact cardinal. We will force with complete Boolean algebras, B. A B-name is a function from (already defined) B-names to B. For definition and dicussion of proper forcing, see [Bal] ' An iterated proper forcing is a sequence (B",: a ~ 1\:) such that for a < (3, B", is a complete sub algebra of Bt3 so that a B", name is a Bt3 name (see, e.g. [Ba2] I\:,j"X,jlt,j"f,jl\:,jX,J·t,J·f) , where iJ! is the conjunction of (1) jilt, and jilt are BKO-names, j"X E [jX]<JKO. (VI, V2, v3, v4, jl\:, X, t"jt) . Byelementarity V F 3vdv2 3V3 :3v4 iJ!( VI, V2, V3, V4, 1\:, J'X, t, f).
Instantiating, we get V F iJ! (v,Y,t',f',I\:,x,t,t) . Let Gv = GnBv . By (1) we can define E' = val(t',Gv ) and r' = val(f',Gv If {3 is a limit, set Y,Bo = U{Y,o: "I < {3}. By countable tightness, YWl is a continuous, increasing sequence of closed subsets of X. Thus we can piece together well orderings of YW10+1 -YW10 to left separate X (as in 2.2(c') -t(a)). D It is clear that the "right" generalization of countability in Euclidean space to arbitrary metrizable spaces is a-discreteness. Theorem 2.2 suggests that the "right" further generalization is left separation in spaces with point countable base.
In a similar context, Balogh and Junnila [BJJ generalized a theorem about adiscreteness in metric spaces to a-left separation in Tl spaces of character ~ c. They were able to achieve a-relatively discrete only with additional hypotheses.
